We carefully investigate the evolution of cosmological density perturbations through decoupling era in the baryon-photon universe by a gauge-invariant method. It is found that previous results on the same problem obtained by working in the synchronous gauge are inaccurate particularly on comoving scales greater than the horizon scale at equal time. Further, the anisotropy of microwave background radiation is estimated and the result is found to be in good agreement with previous works qualitatively but in disagreement by factors of a few. Also, an attempt is made to clarify physical processes which determine the evolution of both baryon and radiation density perturbations during decoupling era and the physical interpretation is discussed. § 1. Introduction
Much work has been done on the growth of linear cosmological perturbations. The evolution of initially adiabatic perturbations was investigated by Silk,l) Sato 2 ) and Weinberg,3) who regarded matters and photons as a single viscous fluid and found that density fluctuations on scales smaller than the so-called "Silk-mass" scale would be severely attenuated by the decoupling time.
However, when the temperature becomes less than about 4000K, matters and photons begin to decouple from each other. Then the single fluid treatment fails to be reliable and one has to deal with the Boltzmann equation for the photon distribution function numerically though matters may still be considered as a fluid. Peebles and YU, 4) Wilson and Silk,S) Wilson 6 ) and others have done such a treatment. In these previous analyses, all the authors chose the synchronous gauge (i.e., ogoo = Ogo; = 0) probably for historical reasons.
However, as we shall see in the following, one faces a technically delicate problem in the synchronous gauge.
In general relativistic perturbation theories, the notion of a perturbation variable loses its direct physical significance, especially on super-horizon scales, due to the presence of coordinate gauge freedom.7),S) Namely, the variables representing a perturbation change their values under the change of correspondence between the unperturbed background and a perturbed world. A change in the correspondence is called a gauge transformation which is formally expressed in terms of an infinitesimal coordinate transformation in the perturbed world.
Thus we can assign any unphysical value, which is called "a gauge mode", to a physical perturbation variable by a suitable gauge transformation. Hence we must be very careful about the prescription of initial conditions and/ or the analysis of the evolutionary behavior of perturbatio~s on super-horizon scales. The synchronous gauge condition, which was used by many authors as mentioned above, does not completely eliminate gauge freedom and leaves room for gauge modes to play an undesirable role in the perturbation analysis.
On the other hand, Bardeen 7 ) and Kodama and Sasaki 8 ) formulated the perturbation equations in a complete gauge-invariant way by which we can discuss all kinds of cosmological perturbations without worrying about gauge modes. In the gauge-invariant formalism we deal only with gauge-invariant perturbation variables which are defined to be invariant under gauge transformations. The purpose of this paper is to discuss the evolution of cosmological density perturbations in the gauge-invariant way, solving the gauge-invariant version of the coupled Boltzmann-Einstein equations numerically.
In this paper, we will consider only the baryon-photon universe because we are particularly interested in physical processes which determine the evolutionary behavior of density fluctuations in baryonic matter and radiation during the recombination era as well as in examining the reliability of the previous calculations done in the synchronous gauge.
The plan of this paper is as follows. In § 2, basic equations and methods to investigate the evolution of perturbations are given in the gauge-invariant form. In § 3, the results of our numerical calculations are presented and the inferred anisotropy of cosmic background radiation (CBR) is estimated. Finally, § 4 is devoted to conclusions.
In this paper, we adopt the units c=h=l and follow the notation used in Ref.
S). § 2. Basic equations and methods
We assume that the unperturbed background is described by a Robertson-Walker metric,
The energy momentum tensor takes a perfect fluid form
where P=Pm+Pr, P=Pr= +Pr and Up is the 4-velocity of matters. The background equations of motion for baryons and photons are respectively where K is a constant representing the spatial curvature, x 2 = SJ[C and . = d/ dt . As for perturbations we consider only scalar perturbations (i.e., density perturbations) which are the only type of perturbations that would grow after decoupling and are of interest with respect to the problem of galaxy formation. These amplitudes of perturbations in the metric and the energy-momemtum tensor are not invariant under gauge transformations. However, gauge-invariant quantities can be constructed by combining them in an appropriate manner.7),S)
There are two independent gauge-invariant quantities for the metric perturbations. A convenient choice of them is
where a prime denotes a conformal time derivative (' = d/ dlJ = ad/ dt). The quantities ([J and l[f represent respectively the amplitude of perturbations in the intrinsic curvature of space and that in the gravitational potential for Newtonian slicing (Le., the gauge condition such that k-1Hr'-B=0).
For the perturbations in the energy-momentum tensor, convenient,ones are (2 ·15) (2·16) where v is the center-of-mass velocity of the matter and (2'17)
L/ca is the density perturbation Oa relative to the total matter rest-frame, and Va is the amplitude of the shear of material 4-velocity. ra represents the non-adiabaticity of a-th component (i.e., ra = 0 for adiabatic perturbations) and IIa is the amplitude of an anisotropic stress perturbation of a-th component.
In terms of these component-wise variables, the gauge-invariant amplitudes for the total density contrast and the total shear velocity, L/ and V are expressed as From the perturbed Einstein equations, (/) and 1Jf are expressed algebraically in terms of matter variables,
Hence it is not necessary to solve the time evolution of the metric variables. Here and in the following we neglect terms due to background spatial curvature. In the early stage when the temperature is much higher than 10 4 K, we may consider baryons and photons as coupled fluids because of strong coupling of them due to Thomson scattering. Therefore, the perturbation equations are obtained by perturbing the equa-tions for a single component fluid. 8 ) They are
where, w=P/P=Pr/(Pr+Pm). Using the viscous fluid approximation, r and II are expressed in terms of Ll and V (see the Appendix). When the temperature decreases and the recombination of hydrogens begins, the viscous fluid approximation is no longer applicable and we have to solve equations for baryons and photons separately. The perturbation equations for baryons are given by
where Rc is the ratio of the horizon size to the mean free path for photons colliding with electrons and is given by
Here, ne and 6T are the free electron number density and the Thomson cross section, respectively, and rc is the mean free time of photons.
As for photons we have to solve the perturbed Boltzmann equations. Let the perturbed distribution function of photons be (2·35) where 1 is the unperturbed distribution function and 01 is the perturbed part and qP represents the 4-momentum of photons.
The perturbed distribution function satisfies the following equation,
where J<. is an a,ffine parameter along the photon trajectory and C( J) is the collision term. 8 ) From now on, we will consider the frequency-averaged brightness function 01( r;, x, j) defined by (2·37) where j represents the direction cosine of the 3-momentum and q is the energy of photons. In analogy with Eq. (2 ·15), we introduce the following gauge-invariant brightness function,
which may be expanded as '"
where p(ir oil is an loth rank tensor defined as follows: 6 )
Parentheses about indices indicate symmetrization of these indices. When K = 0 and
which is an ordinary Legendre expansion. The relations between Llcr, Vr, llr and tcr(O), tcr(I), tcr (2) are given as follows:
The evolution equations for each multipole component are given from Eqs. (2-36) and (2 -39) as follows:
In all the perturbation equations mentioned above, we have neglected the curvature term for simplicity. We have started the numerical integration at the epoch T = 10 s K where universe is sufficiently radiation-dominated and the coupling between baryons and photons is sufficiently strong. There exist accurate general analytic solutions to the perturbation equations at such an epoch,9) which are used to set up the initial values for our numerical integration. We have integrated the evolution equations (2-30) and (2-31) until the epoch T=6000K using the viscous fluid approximation (see the Appendix).
At the epoch T=6000K, we have switched over to Eqs. (2'32), (2'33) and (2·45) ~(2'48) with l truncated at lmax=100. We have integrated these equations until T= 1000K (see the Appendix).
We have done several tests of the numerical accuracy of this scheme. In the early times, we have compared our numerical so~utions with analytic solutions and we have found a good agreement. As for the epoch of switching from the viscous fluid to the Boltzmann equations, we have tried switching at several other epochs ranging from T = 7000K to 5000K and found the difference in the results is no greater than a few percent. Also we have varied lmax and found that taking account of multipoles up to l = 100 was enough.
. We have considered both adiabatic and isothermal initial conditions. Geometrically, they correspond to curvature and isocurvature perturbations respectively.9) Here we note that it is essential to use gauge-invariant variables for setting up the initial conditions unambiguously in the physical sense as will be clarified later.
When the primordial perturbations are adiabatic, one expects them to be of purely growing mode at T=10 8 K. The general growing mode adiabatic solution at this stage is given by
where I; is the scale factor a( 7J) normalized to unity at equal time at which matter energy density equals radiation energy density, Q = 2J2w/ 3 where w is the ratio of the horizon scale to the proper length of perturbation at equal time, w=(k/aH)eq, ¢ is defined by
and jl is a spherical Bessel function of order one and C is an arbitrary constant. Moreover, Smr is a measure of the perturbation in baryon-photon ratio and is defined by 
In the case of primordially isothermal perturbations, there would be no perturbations in geometrical quantities when baryons were relativistic. Hence the natural initial concHtion is to impose the isocurvature condition at I; -4 0. 9 ) In additio!1, Smr which represents the amplitude of isothermal perturbations stays constant in time due to strong coupling between baryons and photons. In this case it has been shown that the solution is given b y 
where we have assumed cot ~1, which is well satisfied for wavelengths of our interest at
T=10
8 K. The initial spectrum of density perturbations is assumed to be of power law,
In the present paper, we define the mass scale corresponding to a comoving wavenumber k as (2-57) and consider the. range of mass scales M = 10 1o M 0 ~ 10 22 M 0 for the adiabatic case and M = 10 6 M 0 ~ 10 22 M 0 for the isothermal case.
We have computed ne by using the result of Peebles10)for ionization fraction during recombination, but we have taken account of the existence of He with mass fraction of 25% and modified the temperature dependence of recombination coefficient by the formula of Spitzer.!1) The numerical integrations of differential equations were done using the scheme of 4-th order Runge-Kutta method. § 3_ Numerical results
Time evolution and spectrum of density fluctuations
With our numerical results at hand, in this subsectiori we briefly review qualitative features of the time evolution of density fluctuations.
First, we consider the time evolution of initially adiabatic perturbations. As is well known, perturbations with mass scales greater than the Jeans mass MJ (~ 1.1
where Qo is the density parameter at present and h is Hubble constant in units of 100 km s-IMpc-1 ), grow as a 2 in the radia~ion-dominated stage and as a in the matter-dominated stage. On the other hand, for perturbations with scales smaller than the Jeans mass, the amplitudes oscillate. Among them, those with scales larger than a critical mass Me(t)( <M J ) are damped gradually due to "adiabatic damping", in proportion to a-1/4 at the matter-dominated stage. However, those with scales smaller than Me are damped exponentially.
At the stage before recombination when the fluid approximation is good, the analytic estimation of Me was done by Sato One can see the so-called "Silk-damping" below the "Silk-mass" Ms=Mc(tD) ~1013Me, where tD is the decoupling time. The amplitude of perturbations just above Silk-mass increases slightly due to weak "velocity-overshoot effect", 12) which results from decoupling of matters from photons. For a small value of Qoh 2 , Ms is larger and the amplitude of the prominent peak on the large-scale side decreases.
Second, we consider initially isothermal perturbations. Figure 2 shows the evolutionary behavior of perturbations with the same parameters and initial power spectrum as those in Fig. 1 . It is quite different from that of initially adiabatic perturbations. Llcm with a mass scale larger than M J ( ~1016Me) decreases once in matter-dominated stage and then starts to grow again after decoupling. On the other hand, Ll cm with a mass scale less than MJ oscillates around a constant value which is equal to the initial value of Smr after entering the horizon. These features are in agreement with analytic estimates 9 ) and show that growing adiabatic modes are generated both on large-scales and smallscales. In particular, the amplitude of photon perturbations on large scales grows significantly after the equal time. This can be seen from Fig. 3 in which the spectra of ILlcml, trms and Itcr(o)1 at T=2000K are shown.
Comparison with the results of previous work
Now let us compare our results with previous results obtained by using the synchronous gauge, especially those of Wilson and Silk,5) since they give a most detailed analysis among others. Figures 4 and 5 represent our result on the spectra of ILl cml and trms for initially adiabatic and isothermal cases respectively, which correspond to Figs. 1 and 2 in the paper of Wilson and Silk (WS).5)
In the adiabatic case, the positions of peaks are the same in our result and WS's. However, the ratio of the amplitude of the first peak to that of the second peak on the large-scale side is larger in our case by a factor of about 2 than in WS. The reason seems to be that the initial condition which WS took in the synchronous gauge (Eq. (10) in their paper) does not single out the purely growing adiabatic mode but allows for inclusion of a gauge mode. In fact, an examination of their initial condition indicates that the gauge mode contribution is larger on larger scales, hence yielding smaller amplitudes on larger Temperature is that of radiation temperature and Q o = h= 1.0. Normalization is arbitrary. Fig. 3 . The spectra of ILlcml. crrns and Iccr(oJI at T=2000K for the initially isothermal perturbation with Zeldovich spectrum. Parameters are the same as in Fig. 1 . Normalization is arbitrary.
scales.
In the isothermal case, our result shown in Fig. 5 differs significantly from Fig. 2 of WS. This is because the isothermal condition given in the Appendix of WS is not the natural isothermal condition expected in the baryon-photon universe. It turns out that it is easy to impose the isothermal condition in our gauge-invariant approach 9 ) while it is very delicate to do so correctly in the synchronous gauge approach. On the other hand, we found that the analytic estimate based on the gauge-invariant formalism by Kodama and Sasaki
9
) agrees very well with the present result except for a narrow range of scales near the Jeans mass.
Analysis of the evolutionary behavior at recombination era
In this subsection, we present our analysis in order to clarify physical processes which determine the evolutionary behavior of baryon density perturbations and radiation perturbations during the era of hydrogen recombination. The method we have used is to put the perturbation equations into an arbitrarily simplified form by hand and to compare the results so obtained with those from the original equations .
. We consider this kind of analysis is very important, since so many terms are involved in the full numerical integration of the perturbed Boltzmann equation that it is very difficult to see what determines the evolution of fluctuations, while it becomes easy to grasp the physical determinant by evaluating the results obtained from artificially and freely simplified equations. Since the isothermal part of perturbations is irrelevant to the present problem, we concentrate our attention on the evolution of adiabatic perturbations in what follows. By trials and errors we found that the following modification of equations enables us to see the physical determinant most transparently. First, as for photons, we pretend as if photons could be treated as a viscous fluid until the epoch when the mean free path of photons becomes equal to the reduced wavelength of a perturbation with comoving wavenumber k. For convenience, we denote the temperature at this epoch by Tc(k) equations. Figures 6 and 7 show the time evolution of the absolute values of t~r(o), tcrU) and tcr (2) obtained from the true and artificial equations respectively both at scale M = 10 16 M 0 • Oscillatory behavior at lower temperatures is due to free-streaming. We see those two figures are quite similar though there are some important differences: Itcr(l)1 in Fig. 7 is larger than that in Fig. 6 Fig. 7 has become larger than that in Fig. 6 below T ~ 3300K. These differences can be explained as follows. The perturbation equations for photons are essentially in the following form (3· 2) though in the cases 1= 0 ~ 2, their forms are relatively more complicated due to the coupling with the matter energy-momentum tensor. As one easily sees from this equation, if Rc is much larger than (k/ aH), (i.e., Lp}> L c), the first term dominates the right-hand side of it and Itcrwl cannot grow. However, as Rc decreases with time, the second term begins to dominate and tcr(l) are consequently generated from lower multipole components. The reason why the artificial equations give slightly larger values for Itcr<ni is that putting Rc=O instantaneously at T= Tc(k) induced a kind of the overshooting of the photon velocity which would be absent if decoupling were gradual. Similarly, the larger values for Itcrd are obtained since in the viscous fluid approximation tcr(2) is given algebraically in terms of tcr(O) and tcr(l), hence does not provide the collisional suppression of the growth of tcr(2) which would have worked when tcr(2) became comparable in magnitude to tcr(O) or tcrU).
On the other hand, the spectra of density fluctuations at T = 1000K shown in Figs. 8 and 9 obtained from the true and the artificial equations respectively are strikingly similar to each other. This is due to the fact that the universe is matter-dominated by the time T= Tc(k) for any scale of our interest so that the effect of photons on the motion of baryons is much smaller than that of baryons on the motion of photons. From these results we obtain the following picture about the behavior of fluctuations during the era of recombination. Although the viscous fluid approximation is formally valid only at the stage Lc4:..Lp( T:?> Tc(k)), it turns out to be sufficiently accurate up to the epoch Lc=Lp( T= Tc(k)), that is, Ccr(2) is still an order of magnitude smaller than ccr(o) and the higher multipole moments of the photon distribution function are not significantly generated until T= Tc(k). At the stage Lc > Lp( T< Tc(k)), photons and baryons behave quite differently. As for photons, the higher multipole moments are rapidly generated and photons may be regarded as free-streaming qualitatively. However, though small in . magnitude, the collision term in the equation for each multipole moment is yet nonnegligible for a while (approximately the time interval needed for a photon to transverse the wavelength of the perturbation) and causes a damping in the root mean square photon fluctuation amplitude.
As for baryons, the characteristic behavior differs from scales to scales. For baryon density fluctuations on scales smaller than the Silk-mass Ms, Rc is so large at T= Tc(k) that the effect of photons on the motion of baryons cannot be neglected. Then, since the effect comes from the first few multipole moments of photon distribution function and they undergo damped oscillation due to free-streaming, the amplitude of baryon fluctuations is damped significantly. Thus the values of Rc at the time Lc=Lp determine the evolutionary behavior of a given fluctuation. Furthermore the above analysis indicates that it may be possible to obtain the results with good accuracy semi-analytically instead of calculating perturbed Boltzmann equations numerically.
In this context, we mention a paper by Press and Vishniac. 12 ) In that paper, they calculated the evolution of density fluctuations through decoupling era in a phenomenological way and found that the spectrum of matter fluctuations is in good agreement with that obtained by Peebles and Yu. 4 ) We think that the reason for agreement is because their phenomenological method happens to be similar to our artificial method mentioned above.
Anisotropy of cosmic background radiation
Here we discuss the anisotropy of cosmic microwave background radiation expected from our numerical calculations. The equation describing the time evolution of photon fluctuations after decoupling is given by9) where
and we have assumed the background spatial curvature to be negligible. where LlTJ = TJo -TJn and TJn can be chosen arbitrarily provided it denotes a time after the hypersurface of last scattering.
The anisotropy we observe today is presumably that measured on the rest-frame of baryons defined by 8b=8s+~ ~V+f-LV=!tcr. From Eqs. (3 -6) and (3 -7) and the fact that 1Jf (TJ) is constant in time for the growing adiabatic mode which dominates the perturbation amplitude after decoupling, we obtain First we consider the small angular scale anisotropy. In this case Eq. (3-8) may be approximated as 5 ) ( 3, 9) where the subscript rms denotes the root mean square value of the quantity. Using Eq. (3,9), we can estimate the small-angular-scale anisotropy. In order to compare our predictions with the observational results of Uson and Wilkinson,I3) we calculated the root mean square temperature fluctuation for a beam switched among three directions with antenna beam half-width 6=1'.5, whose formula is given in the paper of Bond and Efstathiou. I4 ) .
The results are shown in Figs. 10 and 11 for initially adiabatic and isothermal cases respectively. In these figures, n is a power index of initial power law spectrum, the amplitude of perturbations is normalized such that the two-point density correlation function c;(r) is unity at 8h-1 Mpc. The observational upper limit obtained by Us on and, Wilkinson I3 ) is indicated by an arrow. One can see that even for initially isothermal cases the temperature fluctuations are comparable with those of initially adiabatic cases. This fact has been predicted earlier by several authors in the qualitative sense. 9 ),IS)
For smaller values of h, the temperature fluctuations for adiabatic cases increase, while for isothermal cases they decrease, as shown in Figs. 10 ~ 13. The exphmation is as follows. The dominant contribution to small angular scale anisotropies comes from the root mean square temperature fluctuations on scales smaller than the horizon mass at decoupling (MH( tD) ::::: 1.5 X 10 19 h-IM e ). Now for smaller h, the matter-dominated era before decoupling is shorter. Consequently, the growth of adiabatic fluctuations (for both initially adiabatic and isothermal cases) on scales of range MH( tD) > M > MJ is smaller and the peak in a fluctuation spectrum becomes less pronounced. This results in requiring larger initial fluctuation amplitudes in order to keep the density correlation function at 8h-I Mpc unity. For initially adiabatic cases this implies the enhancement of temperature fluctuation amplitudes on scales below MJ relative to the case h = 1, hence that of small angular scale anisotropies. On the other hand, for initially isothermal cases, since the temperature fluctuations on scales below MJ are essentially negligible, the intrinsic amplitude of small angular scale anisotropy is practically independent of h. However, since the angular scale 8p corresponding to the peak in the spectrum varies roughly as h-a(a~0.5; this can be seen by noting that the peak lies i,n the mass range MH( tD) > M > M J ), the angle 8p at which the curve of root mean square temperature anisotropy bends down shifts to a larger value of 8(see Figs. 12 and 13 (3 ·11) and BS(l) represents the l-th component of Bs. Then, the root mean square amplitude of the dipole component, P, is given by
and the results are presented in Table 1 . The observational value of P is p::::: 1.6 X 10- 3 • 16 ) Similarly, the root mean square of the quadrupole component Q is given by (3 ·13) where Bb (2) is frbm Eq. (3'8) given by with
The values of Q are given in Table II. The observational upper limit of Q is 1.8 X 10- 4 .17)
Since we do not know how non-linear effects would modify our results from linear theory, we should not rely too much on the results. However, it is reasonable to expect that a galaxy formation scenario using initially isothermal perturbations should also be constrained from observational upper limits of CBR as in the adiabatic:: case. § 
Conclusions
We have examined the time evolution of density fluctuations through the decoupling era in the gauge-invariant way. Because of gauge invariance, we have been able to set up initial conditions and the evolution of density fluctuations without worrying about gauge modes. Furthermore, it has turned out that the distinction between adiabatic and isothermal initial conditions is quite clear in the gauge-invariant formalism while it may not be so in other methods, e.g., synchronous gauge method ..
It has been shown that even if perturbations are initially isothermal, adiabatic modes are generated appreciably after the universe becomes baryon-dominated and this effect gives rise to the anisotropy of CBR comparable to or larger than the case of initially adiabatic perturbations. However, it is probably too bold to constrain scenarios for galaxy formation directly from our results since the evolution of fluctuations in the non-linear stage after decoupling about which our knowledge is far from complete would surely affect the normalization conditi~n of the perturbation amplitude adopted in the present paper.
We have also examined physical processes which determine the evolution of fluctuations during recombination era and succeeded in obtaining a simple picture of dynamical processes as given in § 3.3.
Finally some comments concerning our future work are in order. If we take account of the presence of non-interacting "X-particles", how does the evolution of fluctuations in baryons and photons change compared with the case treated in this paper? Also, how does the behavior of X -particles affect the anisotropy of CBR? Since most of galaxy formation scenarios proposed recently assume the presence of X-particles, we consider it is necessary to investigate such a case in the gauge-invariant way. This problem is now under study and will be discussed in a forthcoming paper. j1+S' 2l-1 tc r (l-1)-2l+3 tcr (l+1) .
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